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Abstract 

Using the notion of subprincipal symbol, we give a necessary condition for 
the existence of twisted D-modules simple along a smooth involutive subman- 
ifold of the cotangent bundle to a complex manifold. As an application, we 
prove that there are no generalized massless field equations with non trivial 
twist on grassmannians, and in particular that the Penrose transform does 
not extend to the twisted case. 

Introduction 

Let T be a 4-dimensional complex vector space, P the 3-dimensional projective space 
of lines in T, and G the 4-dimensional grassmannian of 2-planes in T. According to 
Penrose G is a complexification of a conformal compactification of the flat Minkowski 
space. Denote by M.(h) the De-module associated with the massless field equations 
of helicity h G |Z. The Penrose correspondence realizes M.(i+ m /2) as the transform 
of the Dp-module associated with the line bundle Cp(m), for m G Z. For A G C, 
Op(X) makes sense in the theory of twisted sheaves. It is then a natural question to 
ask whether the Penrose correspondence extends to the twisted case. In particular, 
are there "massless field equations" of complex helicity h ^ |Z? 

The D<G- m odules M.[h) are simple along a smooth involutive submanifold V of 
the cotangent bundle to G, which is given by the geometry of the integral transform. 
In this paper we give a negative answer to the question raised above: for topological 
reasons, there are no simple T>Q-modvles along V with non trivial twist. Indeed, 
this is a corollary of the following more general result. 

Let X be a complex manifold, and V a conic involutive submanifold of its cotan- 
gent bundle. Denote by T> 1/2 the ring of differential operators on V acting on 

u v/x 

relative half-forms and by U bt ± /2 (0) the subring of operators homogeneous of degree 

and commuting with the functions which are locally constant on the bicharacter- 

istic leaves. The ring of microdifferential operators Sx is endowed with the so-called 

^-filtration \y\Ex)k&L and by a result of Kashiwara-Oshima, there is a natural 

isomorphism of rings FqSx/^-i^x D 6l f /2 (0). 

^v/x 
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Let & be a stack of twisted sheaf on X, and consider the category of twisted 
microdifferential modules Mod(£ x ;&)- One says that a twisted microdifferential 
module is simple along V if it can be endowed with a good ^-filtration whose 
associated graded module is locally isomorphic to CV(0). 

Let £ be a smooth bicharacteristic leaf of V. Recall that stacks of twisted 
sheaves on X are classified by H 2 (X; C x ), and denote by [&]^ x the class of &. Our 
main result consists in associating to [&]q X a class in if 2 (£;C^) whose triviality 
is a necessary condition for the existence of a twisted microdifferential module in 
Mod(£ x ; &) simple along V. 

Let us briefly describe our construction. Let M. be a twisted microdifferential 
module in Mod(£x; &) which is simple along V. By definition, M. has a good 
^/-filtration, and we denote by M. its associated graded module. 

(i) By Kashiwara-Oshima's result, we consider M. as an object of Mod("Dy c (0); T). 
Here, % is a stack of twisted sheaves on V whose class in H 2 (V;Cy) is the 
product of the pull back of [&]^ x by the class of the stack containing the 
inverse relative half-forms Q v )x- 

(ii) The restriction of M. to £ is a flat connection L of rank one in Mod(r>s; it), 
where il is a stack of twisted sheaves on X whose class [ilj^x £ H 2 (E; C£) is 
the restriction of [X]^ x . 

(iii) By the Riemann-Hilbert correspondence, C is associated with a local system 
of rank one on it. Since there are no local systems of rank one with non trivial 
twist, the triviality of [it]^ x is a necessary condition for the existence of a 
twisted microdifferential module in Mod(£x; <S) simple along V. 

We would like to thank Masaki Kashiwara for extremely useful conversations 
and helpful insights. 

1 Review on twisted sheaves 

In this section we briefly review the notions of twisted sheaves. References are made 
to [8, 7], see also [2]. 

Let X be a complex analytic manifold, Ox its structure sheaf, and denote by 
Cx the constant sheaf with stalk C. If A is a sheaf of C-algebras on X, we denote 
by Mod(^4) the category of sheaves of ^4-modules on X and by dJtod(A) the corre- 
sponding C-stack, U i— > Mod(^4|;7). We denote by A x the sheaf of invertible sections 



of A. 



The short exact sequence of abelian groups 



1-C£ 




Ox/Cx - 1 
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induces the exact sequence 

H\X- C*) - H\X; O-) -> H\X- <D*/C*) -> H\X; C* ). (1.1) 

a p S 

Note that the isomorphism rflog: O x /C x —> dO induces an isomorphism 

i: H\X; O x /C x ) ^ H\X; dO x ). (1.2) 

The C-vector space structure of ^(X^dOx) thus gives a meaning to A • c for c G 
/^(A^C^/C*) and A G C. 

We will consider several characteristic classes with values in these cohomology 
groups. 

• A local system is a Cx-module locally free of finite rank. To a local system L 
of rank one corresponds a class [L} l £x G ^(X; C x ) which characterizes L up 
to isomorphisms of Cx-modules. 

• A line bundle is an Ox-module locally free of rank one. To a line bundle C 
on X corresponds a class [C]q X G i/ 1 (X;(9^-) which characterizes £ up to 
isomorphisms of Ox-modules. 

• A stack of twisted sheaves is a C-stack locally C-equivalent to 9JtoD(Cx)- To 
a stack of twisted sheaves & corresponds a class [<5]^x G if 2 (X;C x ) which 
characterizes & up to C-equivalences. Objects of &(X) are called twisted 
sheaves. 

Recall that [S]^ x has the following description using Cech cohomology. Let 
X = {J ri Ui be an open covering such that there are C-equivalences tpi: &\ui —> 
9Koc)(C(7 l ). By Morita theory, the auto-equivalence (fii o ipj 1 of QJtoi^Q/^.) are given 
by G I— > G ® Ljj for a local system L^- of rank one. By refining the covering we 
may assume that ~ C^.. The isomorphisms ® Lj^ ~ on £7^ are then 
multiplication by locally constant functions G r([/yfc; C x ). The class [<3]^ x is 
described by the Cech cocycle {c^}. 

A twisted sheaf F G &(X) is described by a family of sheaves F G Mod(Q/J 
and isomorphisms % : F^u.. -> satisfying % o 6> jfe = 0^0^. 

Let © be a stack of twisted sheaves on X and let ^4 be a sheaf of C-algebras on 
X. We denote by 9Jlod(A; 6) the stack of left ^4-modules in ©. 

• A twisted line bundle is a pair (6, J 7 ) of a stack of twisted sheaves 6 and an 
object T G Mod((9x; ©) locally free of rank one over Ox- To a twisted line 
bundle corresponds a class [S,JF]1_ X G H l (X; O x /C x ) which characterizes 
it up to the following equivalence relation: two twisted line bundles (&,J-) 
and (%,G) are equivalent if there exist a C-equivalence (/?:©—> X and an 
isomorphism ^(JF) — ^ in X(X). 
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Let be a twisted line bundle and let X = [j i U be an open covering 

such that there are C-equivalences : ©1^ — > 97toD(C;yJ, and denote by {c^} the 
Cech cocycle of [S]^, x . These induce equivalences w 3710(5(0^; <3|[/J — > 97100(0^) 
and JF is described by a family of line bundles Ti G Mod((!7;yJ and isomorphisms 
9ij : J-j\ui- J~i\ui-- By refining the covering, we may assume that there are nowhere 
vanishing sections Sj G T(Ui]J-'i), so that jFj ~ 0\j y Hence % are multiplications 
by the sections = Si/O^Sj) G r(f/ ii ;C^), so that = The class 

[6,.F]^ X is thus described by the Cech hyper-cocycle {/i,-, c^}. 

The characteristic classes constructed above are related (up to sign) as follows, 
using the exact sequence (1.1): 

(a) if L is a local system of rank one, then a([L]^ x ) = [L ®Ox]qx, 

(b) if £ is a line bundle, then /3([£]J, X ) = [97tot>(C x ), £]^x , 

(c) if (6,.F) is a twisted line bundle, then 5([(5, JF]_L X ) = [©]^ x . 

The next result will play an essential role in the proof of Theorem 7.1. It imme- 
diately follows from the Morita theory for stacks. 

Proposition 1.1. A stack of twisted sheaves & is globally ^-equivalent to DJlod(Cx) 

if and only if there exists an object F G &(X) locally free of rank one over C. 

Example 1.2. For C an untwisted line bundle, and A G C, there is a twisted line 
bundle (6 £ a,£ a ) whose class [& c \, C X ]L X is described as follows. Let X — (J i U 
be an open covering such that there are nowhere vanishing sections G YiJJ^C), 
and set = Si/sj. Choose a determination f\j for the ramified function g x - on Uij. 
Then fijfjk and f^ are different determinations of g x k , so that fijfjk — Cijkfik f° r 
some Cijk G r(C/jjfc; C£). Then [& c \, C X ]L X is described by the Cech hyper-cocycle 
{fij,Cijk}- Since dlog/y = Ad log we have 



where the action of A on /3([£]q X ) is induced by the isomorphism (1.2). 
Note that £ A is unique up to tensoring by a local system of rank one. 

Operations on stacks 

Consider two stacks & and & of twisted sheaves on X (here, X is simply a topo- 
logical space, or even a site). There are stacks of twisted sheaves & © & and 
on X such that if F G 6(X) and F' G 6'(X) are twisted sheaves, then 
F <g> F' G (6 © 6')P0 and if F is a local system of rank one, then F~ l G 
Moreover, 



[6 © 6^ 



[6£x • [6'] 

([e]^)- 1 . 
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If /: Y — > X is a morphism of topological spaces (or of sites), there exists a stack 
of twisted sheaves f®& on Y such that if F G &(X), then f~ l F G (f®&)(Y). 
Moreover, 

[/®6]2 X =/«([6]2 X ). 

Here, for t, t' G H 2 (X; C x ), we denote by t • t' and t _1 the product and the inverse 
in H 2 (X; C x ), respectively, and by /»t G i/ 2 (F; C£) the pull-back. 

Let (©jf,JF) and (<5g,£/) be twisted line bundles on X, and consider the associ- 
ated twisted line bundles (<3^-i, JF -1 ) and (©jf® g,.F £?>£,{?) on X, and (6jr*jr, J*^ 7 ) 
on Y. Then there are C-equivalences 

6r-i ~ 6®-\ 

O 



2 Review on twisted differential operators 

In this section we briefly review the notions of twisted differential operators. Refer- 
ences are made to [6, 1] (see also [2] for an exposition). 

Recall that X denotes a complex analytic manifold and T>x the sheaf of finite 
order differential operators on X. Recall that an automorphism of T>x as an Ox-ring 
is described by a closed one-form. 

• A ring of twisted differential operators (a t.d.o. ring for short) is a sheaf of 
Ox-rings locally isomorphic to V X - To a t.d.o. ring A corresponds a class 
[A]d G P X (X; dO x ) which characterizes A up to isomorphism of Ox-rings. 

Let (&,^F) be a twisted line bundle. An example of t.d.o. ring is given by 

V T = T ® V X ® T- X , 

where T~ x = Hom {T ,O x )- Notice that J 7 ' 1 G Mod(C x ; 6®" 1 ), so that V r is 
untwisted as a sheaf. 

Let {fij,Cijk} be a Cech hyper-cocycle for [(5,.F]_L X attached to the covering 
X = [j i Ut, where = Si/0ij(sj) for G T( y U i ;J-'i). The sections of are 
described by families Sj <8> Pj <8> s" 1 , where P, G r(C/j; Dj) and 

Pi = fji-Pj-fij mFiUtfVx). (2.1) 

The isomorphism t in (1.2) is then described by J 7 ]^* ) = [F>r\do- 111 particular, 
to any t.d.o. ring A is associated a twisted line bundle JF, unique up to tensoring 
by a local system of rank one, such that A ~ 2V as an Ox-ring. 
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Let (&, J 7 ) be a twisted line bundle and X a stack of twisted sheaves on X. There 
is an equivalence of C-stacks 

2JtoO(£y ; T) -> Wlod(V x ; G®' 1 © X) (2.2) 
.M i-> .F -1 <g> Al 

Denote by Qx the sheaf of vector fields and by tlx the sheaf of forms of maximal 
degree. We end this section by giving an explicit description, which will be of use 
later on, of the t.d.o. ring V n \ for A G C. Let v G Qx- Recall that the Lie 
derivative L(v) acts on differential forms of any degree, in particular on Ox, where 
L(v)(a) = v(a), and on Q X - Let cu be a nowhere vanishing local section of Qx- One 
checks that the morphism 

L w : q x _> v n x = n x x % v x ® n x x (2-3) 

\ , . L(v)(uj). \ 
Vh^LU A ®(v + A ) <g> cj~ a 

is well defined and independent from the choice of u. (Here L(v)(iv)/u = a, where 
a G Ox is such that L(v)(uj) = auo.) Then "D^a is generated by Ox and \S x \Qx) 
with the relations 

|_< A )(au) = a-L {x \v) + \v(a), (2.4) 
[L (A) («),a] = v(a), (2.5) 
[L (A) (t;),L (A) H] = L (A) ([t;,u>]), (2.6) 

for a G Ox, and v,w G ©x- Of course, L (0) (w) = d and L (1) (w) = L(u). 



3 Microdifferential operators on involutive submanifolds 

In this section we recall the notions of microdifferential operators and V^-filtration. 
References are made to [11, 10] (see also [5, 8, 12] for expositions). 

Let W be a complex manifold. In this paper, by a submanifold of W, we mean 
a smooth locally closed complex submanifold. 

Let X be a complex manifold, and denote by 7T : T*X — > X its cotangent bundle. 
Identifying X with the zero-section of T*X, one sets f*X = T*X \ X. 

The canonical 1-form ax induces a homogeneous symplectic structure on T*X. 
Denote by {/, g} G Ot*x the Poisson bracket of two functions /, g G Ot*x and by 

H : T*T*X ^TT*X 

the Hamiltonian isomorphism. For fceZ, denote by Ox*x{k) C 0t*x the subsheaf 
of functions </? homogeneous of order fc, that is, satisfying en(<^) — k ■ ip. Here, 
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eu = —H(ax) denotes the Euler vector field on T*X, the infinitesimal generator of 
the action of C x . 

Denote by £ x the ring of microdifferential operators on T*X. It is endowed with 
the order filtration {F m £x}m£Z, where F m £ x is the subsheaf of microdifferential 
operators of order at most m. There is a canonical morphism 

cr m : F m £ x — > T *x(m) 

called the principal symbol of order m. This morphism induces an isomorphism of 
graded rings Qr £ x =^ fe T *x{k). If P e F m £x, Q e Fi£x, one has 

<Tm+l(PQ) = <T m (P)<Tl(Q), (3.1) 

a m+l ^([P,Q}) = {a m (P),ai(Q)}. (3.2) 

Let V C T*X be a submanifold and denote by Jy C Ot*x its annihilating 
ideal. Recall that V is called homogeneous, or conic, if eujy C Jy- In this case, 
euy := eu\y is tangent to V, and one defines Oy{k) C CV similarly to (9^*x(^) C 

A conic submanifold V C T*X is called involutive if for any pair f,g e 
of holomorphic functions vanishing on V, the Poisson bracket {/, g} vanishes on V. 
A conic involutive submanifold V is called regular if ax\v never vanishes. 

Let V C T*X be a conic involutive submanifold, and set 

X v = {Pe Fi£ x |v; (7i(P)|y = 0} C £x|v- 
Note that [Jy, Jy] C Jy. 

Definition 3.1. Let V C T*X be a conic involutive submanifold. One denotes by 
£y the subring of £x\v generated by Jy, and one sets F^ n £x '■= F m £x\v ■ £v- 

One easily checks that F^£x = £v • F rn £x\v, and F^£ x • Fj£ x C F^ +l £ X - In 
particular, {F\£x}kei is an exhaustive filtration of £x\v, called the V^-filtration, 
and FY.x£x is a two-sided ideal of £y = Fq£ X - 

Example 3.2. Let (x) = (x±, . . . , x n ) be a local coordinate system on X and denote 
by (x; £) = (xi, . . . , x n ; £i, . . . , ^ n ) the associated homogeneous symplectic local coor- 
dinate system on T*X. Recall that locally, any conic regular involutive submanifold 
V of codimension d may be written after a homogeneous symplectic transformation 
as: 

V = {(x;t);t 1 = --- = Z i = 0}. 

In such a case, 

F m £x - (F m £ x \v)[d Xl ,..-,d Xd \. 
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4 Systems with simple characteristics 

In this section we recall the notion of systems with simple characteristics. References 
are made to [11, 10]. See also [12, 8] for an exposition. 

Definition 4.1. Let M be a coherent £x- m odule. A lattice in M is a coherent 
F £x-submodule Mo which generates M over £ X - 

Recall that if an F £x-submodule Mo of M defined on an open subset of T*X is 
locally of finite type, then it is coherent. A lattice Mo endows M with the filtration 

F k M = F k S x ■ M . 

If M is endowed with a filtration {F k M}k, its associated symbol module is given 

g r {M):=0 T * x ® gr{8x) Qr{M), 
where Qr{M) = ® k ez(FkM/F k -iM). 

Definition 4.2. Let V C T*X be a conic involutive submanifold. 

(a) A coherent £x _m odule M is simple along V if it is locally generated by a 
section u G M, called a simple generator^such that denoting by X u the anni- 
hilator ideal of u in £ x , the symbol ideal Qr(X u ) is reduced and coincides with 
the annihilator ideal Jy of V in Ot*x- 

(b) A coherent £x-module M is globally simple along V if it admits a lattice Mo 
such that EyMo C M and Mo/^-iM is locally isomorphic to O v (0). Such 
an Mo is called a ^-lattice in M. 

Lemma 4.3. If M is globally simple, then it is simple. 

Proof. Let Mo he a ^-lattice. Choose a local section u G Mo whose image in 
Mo/F ~\M is a generator of Oy(0). Then Mo = f~ £xu + F-\M and it follows that 
for all k < 

Mq = F £xu + F k M 
Since the filtration on M is separated (see [11]), u generates Mo over F £x- □ 

Let (t) G C be a coordinate, and denote by (t; r) G T*C the associated homoge- 
neous symplectic coordinate system. Let V C T*X be a conic involutive submani- 
fold, non necessarily regular. The trick of^the dummy variable consists in replacing 
V with the conic involutive submanifold V — V x T*C, which is regular. Let p G V 
and q G T*C. If S is the bicharacteristic leaf of V through p, then E x {q} is the 
bicharacteristic leaf of V through (p,q). 
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Proposition 4.4. Let M be a globally simple E-x-module along V. Then M = 
£xxc ®e x m c ("^ ^ ^c) is globally simple along V . 

Proof. Let Mo be a K-lattice in M, and set 

Mo = F £xxC ®f £xEFo£c (^o B F £ c ). 
Clearly, Mo is a lattice in M and moreover, £y.Mo C Mo- Note that 

F-i-M = Fq^xxc ^ o£x HF fc C 3 - 1 ^ K F °^ c + -Mo Kl F_i£c)- 
Consider the commutative exact diagram of Fq£x ^ F £ c -modules: 


>- F-iM Kl F_i^ c >■ -Mo B F_!^ c >■ (M /F-iM) B F_i£ c >■ 

II I 
>- F_i.M B F £ c Mo K F £ c (M /F-iM) B F £ c *- 

- F-!M m (F £c/F-i£c) + M Q ® (Fo^c/F-i^c) - (M /f-iM) B (F £ c /F-i£ c ) - 

II I 


It follows that that the sequence 
-> F^M Kl 

F £c + Mo Kl F_!^ c — > .Mo ^ F £ c — > .Mo/F_i.M IE F £c/F-i£c — > 
is exact. Since F £xxc is flat over F £x ^ F £<c> we locally have 

F .M/F_i.M ~ Fq^xxc ®Fo^hf £ c (-Mo/F-iM B F 5 c /F-ific) 
^ Fo^xxc SUrBFo* (Ov(0) H O^ c (0)) 
~ 0^(0). 

□ 

Remark 4.5. Let © be a C-stack of twisted sheaves on X . Then Definition 4.2, 
Lemma 4.3 and Proposition 4.4 extend to objects of Mod(£x; tt| ©)■ 

5 Differential operators on involutive submanifolds 

We recall here the construction of the ring of homogeneous twisted differential op- 
erators invariant by the bicharacteristic flow. 
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Let V C T*X be a conic regular involutive submanifold and denote by TV 1 - C 
TV the symplectic orthogonal to TV. Denote by Q v C 0y the sheaf of sections of 
the bundle TV L — > V, and let 

£>^ c := {a G CV; u(a) = for any v G 0y}, 
C$ c (fc) :=0^nO v (fc). 

Then (9y c is the sheaf of holomorphic functions locally constant along the bicharac- 
teristic leaves of V. Consider the ring 

V\f = {P G V v ; [a, P] = for any a G £>^ c }, 

and the subring of operators homogeneous of degree zero 

V b ^(0) = {PeV b ^;[eu v ,P] = 0}. 

Example 5.1. Let (x; £) = (x±, . . . , x n ; £i, . . . , £„) be a local homogeneous symplec- 
tic coordinate system on T*X and assume that 

V = {(x;Z);Z 1 = --- = U = 0}. 

Set x' = (xi, . . . ,Xd), x" = (xd+i, ■ ■ ■ x n ), and similarly set £ = (£',£")■ One has 
(x', x", £") G V, and the bicharacteristic leaves of F are the submanifolds defined by 

E = {(ar',^;0;(^;0 = (^;^)}- 

The Euler field eny is given by 

n 

Hence a function locally constant along the bicharacteristic leaves depends only on 
(x",£"). A section of O v (0) is a holomorphic functions in the variable (x', x", £"), 
homogeneous of degree with respect to Moreover a section of P^ c (0) is uniquely 
written as a finite sum 

a a S£,, with a Q G £V(0). (5.1) 

Assume that V is regular, and let j s : £ — > V be the embedding of a bichar- 
acteristic leaf. Denote by J7~| IC (0) the annihilator ideal of £ in (9^ c (0), and note 
that C s ~ C^ c (0)/J"| ic (0)| E . Since 0^(0) is in the center of £>^ c (0), there is a 
restriction map 

j*: Mod(2^ c (0)) - Mod(T? s ) 

.M i— > ®omc (0) | s .M|e- 
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We will be interested in the twisted analogue of the above construction. Namely, 
set 

:= {Pe^ 1/2 ;[a,P] = 0foranyaG(^ c }, 



Vft/M : = {PG«/ 2 ;[L (1/2) (en y ),P]=0}. 



n ' y ' L — cr 



For pGE, the quotient TpV/TpH ~ TpVyTpV 1 - is a symplectic space. Hence jfflv — 
Qy,. Thus, there is a restriction morphism 

j* : Mod(^\ c /2 (0)) - Mod(P n i /2 ). (5.2) 
6 Subprincipal symbol 

In this section we recall the notion of subprincipal symbol, and prove the regular in- 
volutive analogue of an isomorphism obtained in [9, Lemma 1.5.1] for the Lagrangian 
case. References are made to [10, 9, 5, 8]. 

As we will recall, the subprincipal symbol is intrinsically defined for microdiffer- 
ential operators twisted by half-forms. We will thus consider here the ring 

instead of Ex- All the notions recalled in Section 3 extend to this ring. In particular, 
its V-filtration is defined by 

'ly* 2 = {Pe F^lv; <Ti(P)\v = 0} ^ vr- 1 ^ 2 ® n - w l v ® w -i tt-^- 1 / 2 , 
F^/ 2 = Tr-^f Vio vr-^ x 1/2 , 

(6-1) 

Let (#) be a local coordinate system on X, and denote by (#;£) the associ- 
ated homogeneous symplectic coordinate system on T*X. A microdifferential op- 
erator P G F m £ n i/2 is then described by its total symbol {pk(x',0}k<m, where 
Pk G T * x (k). The functions p fc depend on the local coordinate system (x) on 
X, except the top degree term p m = a m (P) which does not. Recall that the sub- 
principal symbol 

o' m _ x : F m £ n i/2 -> T *x(m - 1) 

given by 
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does not depend on the local coordinate system (x) on X. For P G F m £ 1/2, Q G 
V\S n i/2, one has 

= ^m(P)^-i(0) + ^ m _ 1 (P)oi(Q) + i{(7 fB (P),(7l(Q)}, (6.2) 
^m+I-2([^Q]) = {^m(P),^_ 1 (Q)} + {(/ m _ 1 (P),(7l(Q)}. (6.3) 

Let V C T*X be a conic involutive submanifold. For / G 0t*x, denote by 
if/ = H(df) G TT*X its Hamiltonian vector field. Recall that if induces an 
isomorphism 

H : TyT*X —> TV ± . (6.4) 
In particular, Hf\ v is tangent to V for / G J7y. With notations (2.3), set 

^r^^F^v,, (6.5) 
P^L^) (//(Ti(p) | y) + ^ (P) | y . 

Using the above relations, one checks that the morphism C v does not depend on 
the choice of coordinates, and satisfies the relation 

C v (AP)=a (A)£ v (P), 
C V (PA) = C v (P)a (A), 

C V ([P,Q]) = [C V (P),C° V (Q)], 

for P,Q G and A G F £ n i/2 (see [10, §2] or [8, §8.3]). It follows that C v extends 
as a ring morphism 

C v '■ S v,n]( 2 ^ V n\f 2 ( 6 - 6 ) 
by setting C v {P l ■ ■ ■ P r ) = C v {Pi) ■ ■ ■ £° v (P r ), for P t G . 

Theorem 6.1. Let V C T*X be a conic regular involutive submanifold. The mor- 
phism (6.6) induces a ring isomorphism 

^ : ^,</ F -i^-^(0). (6.7) 

It is possible to show that the above statement holds even without the assumption 
of regularity for V (for example, the Lagrangian case is obtained in [9, Lemma 1.5.1]). 

Proof. The statement is local. We may thus assume that fix — Ox and fly — CV, 
so that we are reduced to prove the isomorphism 

Cy.Sv/F^Sx^V^iO). 
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Moreover, since V is regular we may assume that we are in the situation of Exam- 
ple 5.1. By Example 3.2, sections of £y are uniquely written as finite sums 

A a d«,, with A a e F Sx\v. (6.8) 

aeN d 

One concludes using (5.1) since, by definition of Cy, 

a a 

□ 

Corollary 6.2. Let V C T*X be a conic regular involutive submanifold, and T be 
a stack of twisted sheaves on V. Then there is an equivalence of categories 



Mod(£ y /FVx; 20 - Mod(^ c (0); X © 6 



-1/2 , 



V/X 

where <5 -i/2 denotes a stack of twisted sheaves such that ^tZ)y G Mod(CV; 6 -i/a). 

s V/x ' s V/x 

7 Statement of the result 

We can now state our main result. 

Theorem 7.1. Let V C T*X &e a conic involutive submanifold and H G V a 
bicharacteristic leaf. Let T be a stack of twisted sheaves on X , and M. an object of 
Mod(£x; 7T®1) globally simple along V . Then 

4Mx) = [6 n v 2 \l« mff 2 (£;C*), 

£/X 

where 7r|: H 2 (X; C£) — > i/ 2 (S;C^) denotes the pull-back and <5 i/2 denotes a 
stacA; o/ twisted sheaves such that fi^/x e Mod((9 s ; S n i/2 ). 

Proof. The proof follows the same lines as in [9, §1.5.2]. Let us first reduce to the 
regular involutive case by the trick of the dummy variable. Let p: X = X xC — > X 
be the projection. With the notations of Proposition 4.4, replace X with X, X with 
X = p®T, V with \/ = V x T*C, with A4, and E with S = Ex {(0; 1)}. Under 

the isomorphism # 2 (£;C£) ~ # 2 (£;C^) one has 4 (Pic*) = 4(Bc*)- Hence 
we may assume that V is regular involutive. 

Let Mo be a V- lattice in M. By definition of twisted global simplicity, M = 
Mq/F-iM. is an object of Mod{£ v /FV l £ x]7lv , %) locally isomorphic to O v {0). By 
Theorem 6.1, one has a C-equivalence 

Mod(£ v /FZ 1 £ x ;n®'Z) ~ Mod(« /2 (0);vr®1). 

X V/X 
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Denote by js : £ — > V the embedding of the bicharacteristic leaf. Then j^(AA ) is 



) " 

equivalence of C-stacks 



an object of Mod(D i /2 ; 7r®2T) locally isomorphic to O s . Using (2.2), we get the 

E/X 



Mod(£> i /2 ;tt®X) ^ Mod(P s ;7r®T©e o -i /2 ). 

SZ E/X SZ E/X 

Since j s (.Mo) is a fl & t connection of rank 1 in Mod(V^; n$1 ® & -1/2), its solution 

SZ E/X 

sheaf Hom Vs (jx(Mo),Ox) is a local system of rank 1 in (7r§ X © 6^-1/2) (£). The 
statement then follows by Proposition 1.1. □ 

Remark 7.2. Let us say that a coherent £x-module .M is globally r-simple along V 
if it admits a lattice .Mo such that 8 v Mq C .Mo and .M /F_!.M is locally isomorphic 

to ev(o) r . 

Theorem 7.1 extends to globally r-simple modules as follows. If an object Ai of 
Mod(£x; 7r®X) is globally r-simple along V, then 

4([T]^r = ([6 nl/2 ]^r in# 2 (£;C*). 

The proof goes along the same lines as the one above, recalling the following fact. 
Let 6 be a stack of twisted sheaves on X, and let F e &(X) be a local system of 
rank r. Then detF is a local system of rank 1 in (5® r (X), so that (5® r is globally 
C-equivalent to 9Jlod(C x )- 

Corollary 7.3. Let V C T*X be a conic involutive submanifold and £ C V a 
bicharacteristic leaf. Let T be a stack of twisted sheaves on X and M. an object of 
Mod(£ x ; vr®T) globally simple along V. Assume that tt|: H 2 (X; C£) -> # 2 (£; C£) 
«5 injective and that [@ i/2 = 1 in H 2 (E;C£). Then 1 is globally C-equivalent 

to D7tot)(Cx). 

Proof. By Theorem 7.1, 4(P1c><) = 1 in # 2 (£;C£). Since tt|: H 2 (X;C x x ) -> 
if 2 (£;C2) is injective, [I] 2 .* = 1 in if 2 (X;C^-), and this implies that the stack % 
is globally C-equivalent to 9Jlod(Cx)- □ 



8 Application: non existence of twisted wave equations 

Let T be an (n + l)-dimensional complex vector space, P the projective space of 
lines in T, and G the Grassmannian of (p + l)-dimensional subspaces in T. Assume 
n > 3 and 1 < p < n — 2. The Penrose correspondence (see [4]) is associated with 
the double fibration 

P<-F->G (8.1) 

/ 9 
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where F = {(y, x) G P x G; y C x} is the incidence relation, and /, g are the natural 
projections. The double fibration (8.1) induces the maps 



where T F (P x G) C T* (P x G) denotes the conormal bundle to F, and p and q are the 
natural projections. Note that p is smooth surjective, and q is a closed embedding. 



fibers of p with the bicharacteristic leaves of V. 

For m G Z, let Op(m) be the line bundle on P corresponding to the sheaf of 
homogeneous functions of degree m on T, and denote by jV( m ) := TV ® Q 0-p{—m) 
the associated Dp-module. Denote by and D/* the direct and inverse image in 
the derived categories of D-modules and consider the family of D^-modules 



For n = 3 and p — 1, Penrose identifies G with a conformal compactification of 
the complexified Minkowski space, and the £>G- m odule Ai(i+ m /2) corresponds to the 
massless field equation of helicity 1 + m/2. 

By [3], for m G Z, the microlocalization £ G <8> n -i v 7T _1 Al(i+ m /2) of A4(i+ m /2) is 
globally simple along V. 

Theorem 8.1. Let & be a stack of twisted sheaves on G and M. an object of 
Mod(£> G ; &) whose microlocalization £ G ® w -i Vg k~ x M. is globally simple along V . 
Then & is globally C-equivalent to 971oO(Cg), so that Mod(V G ;&) is C-equivalent 
to Mod(V G ). 

In other words, M. is untwisted. 

Proof. Let us start by recalling the microlocal geometry underlying the double fi- 
bration (8.1). There are identifications 



T*P^T F *(Px G) ->T*G, 




M(i +m /2) ■ = 



(D^D/W (m) ). 



T*P = {(y- ??); y C T, rj G Horn (T/y, y)}, 
T*G = {(i;();iCT,(e Horn (T/x, x)}, 
T F *(P x G) = {(y, x- r); y C x C T, r G Horn (T/x, y)}. 



The maps p and g are described as follows: 



{y, t o j) 



V 



T F *(P x G) 
n(y,x;r)h 



r^T*G 

*-(x;ior), 
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where i: y >— > x and j: T/y -» T/x are the natural maps. We thus get 

V = {(z;0;rk(0 = l}, 

where rk(£) denotes the rank of the linear map £. In order to describe the bicharac- 
teristic leaves of V, denote by P* the dual projective space consisting of hyperplanes 
z C T, and consider the incidence relation 

A = {(y,z) eF xF*;y C z CT}. 

Then 

TX(P x P*) = {(y,z;G); y C z C T, 9 : T/z ^ y}. 
There is an isomorphism 

fl(F x P*) ^ T*P 
(y,z;0) i-> (y-9ok). 

where k: T/y -» T/z is the natural map. Set y = im£, z = x + ker£, and consider 
the commutative diagram of linear maps 

T/y T/x y — U- x 




T/z. 

We thus get the following description of the composite map 

p: V — ^ (P x G) — ^— T*P — ^T^(PxP*) 

(x; (im f , x; (im f ; £ o j) h- (i m f , x + ker f ; § , 

It follows that the bicharacteristic leaf S^z^) := p -1 (y, -2, 6>) of V is given by 

£(^, e) = {(x;0;2/ = im£, ,2 = x + ker£, o £ = £} (8.2) 
= {(rr;0;y C x C z, £ = #°^}, 

where £: T/x -» T/z is the natural map. Thus, S^^e) is the Grassmannian of 
p-dimensional linear subspaces in the (n — l)-dimensional vector space z/y. 

Let us fix a point (y, z, 6) G T^(P x P*), and set E = S^e)- In order to apply 
Corollary 7.3, we need to compute the map 7r| and the class [6^1/2 ]^ x • 

The universal bundle U& — > G is the subbundle of the trivial bundle GxT whose 
fiber at x G G is the (p + l)-dimensional linear subspace x C T itself. Consider the 
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line bundle _D G = det U&, and denote by G (— 1) the sheaf of its sections. Recall 
the isomorphisms 

H\G; 0£) ~ Z with generator [£> G (-1)]^ X , 

iJ*(G; Cg/Cg) ~ i? x (G; (9 G /C G ) ~ C with generator [2ttoO(C G ), C? G (-l)]^x , 
so that the sequence of abelian groups 

H\G; Cg) - ^(G; Og) -> ^(G; 0£/C£) -> iJ 2 (G; Q) - tf 2 (G; 0*), 

a fj 5 

is isomorphic to the sequence of additive abelian groups 

-> Z -> C -> C/Z -> 0. 

Similar results hold for E, which is also a grassmannian. Moreover, n^O&(— 1) ~ 
Cs( — 1) by Lemma 8.2 below. Hence 7r s is the isomorphism 

4:iJ 2 (G;C*)^C/Z^iJ 2 (E;C*). 

There are isomorphisms 

fi 6 ~0 6 (-n-l), fi s ~0 s (-n + l). 

Again by Lemma 8.2, we thus have 

vr*fi G ~ 7T* 6 (-n - 1) ~ O s (-n - 1). 

It follows that fis/c — ^s(2), and thus 

[^s/g]ox=2 inZ-tf^E;^*). 

Therefore 

[<3^ ^E/lfex = 1 inC^E^/C*), 



S/G 

so that 



[6 n v;Jc* =*([6 n i/ V n^ G ]J, x ) =0 inC/Z^iJ 2 (E;C*). 

The statement follows by Corollary 7.3. □ 

Lemma 8.2. There is a natural isomorphism 71^0q(— 1) ~ O^(-l). 

Proof. Recall that _D G denotes the determinant of the universal bundle on G. Geo- 
metrically, we have to prove that there is an isomorphism 5: Dels- 
Recall the description (8.2), and let (x;£) G E for p = (y,z,9) G T*P. Then 
(-De)<>;£) = det(x/y), (Dg)( x -^) = det a;, and 5 is obtained by a trivialization of 
det y ~ C. □ 
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